The modified quantized enveloping algebra has a remarkable basis, called the canonical basis, which was introduced by Lusztig. In this paper, all these monomial elements of the canonical basis for type A 2 are determined and we also give a conjecture about all polynomial elements of the canonical basis.
Canonical base of quantized enveloping algebras was introduced by Lusztig and have many remarkable properties. However it is hard to compute the base. By now, the base was only computed for type A 2 , A 3 , B 2 , see [L1, X2, X1] . For type A 4 , part of the base was computed in [HYY,HY,LH] .
A modified form of the quantized enveloping algebras was introduced by Lusztig and a remarkable basis, called the canonical basis, was also given in [L2,L3] . However it is even harder to compute the basis. By now, the base was only computed for type A 1 in Lusztig's book [L3] , which are consisting of two monomial elements.
In the present paper, we determine all these monomial elements of the canonical basis for type A 2 and also give a conjecture about all polynomial elements of the canonical basis. We hope that the results of the paper will be helpful to understand the canonical basis of the modified quantized enveloping algebra.
Preliminaries

1.1
We will need some notations. Let a be an integer and b an positive integer. Set
We have
Let Y, X be the coroot lattice and the weight lattice of the root datum (I, <, >, Y, X) corresponding to the quantized enveloping algebra U v (sl 3 ). By definition, U = U v (sl 3 ) is an associative algebra over Q(v) (v an indeterminate) with the generators e i , f i , k µ ; 1 ≤ i ≤ 2, µ ∈ Y, subject to the following relations k 0 = 1, k µ 1 k µ 2 = k µ 1 +µ 2 , for all µ 1 , µ 2 ∈ Y ;
(1)
e i f j − f j e i = δ i,j k i − k , and k i = kα i . There is a unique isomorphism of Q(v)−vector spaces σ : U → U such that σ(e i ) = e i , σ(f i ) + f i , σ(k µ ) = k −1 µ for µ ∈ Y and σ(uu ′ ) = σ(u ′ )σ(u) for u, u ′ ∈ U. We define a category C as follows. An object of C is a U−module M with a given direct sum decomposition M = λ∈X M λ (as a Q(v)−vector space) such that, for any µ ∈ Y, λ ∈ X and m ∈ M λ , we have k µ m = v <µ,λ> m.
The subspaces M λ are called the weight spaces of M. A morphism in C is a U−linear map. If M ′ , M ′′ ∈ C, the tensor product M ′ ⊗M ′′ is naturally a U⊗U−module with (u ′ ⊗u ′′ )(m ′ ⊗m ′′ ) = u ′ m ′ ⊗u ′′ m ′′ . We restrict it to a U−module via the algebra homomorphism ∆ : U → U ⊗ U(∆ is the comultiplication). The resulting U−module is naturally an object of C.
′′ , we have the following identities:
Let U + , U − be the positive part and negative part of U respectively. It is known that if f is the associative Q(v)−algebra generated by θ i , 1 ≤ i ≤ 2 which satisfy the analogue of relation for U Then the natural morphism f → U ± , θ i → e i , θ i → f i are all algebra isomorphisms.
1.2
Next let us recall the definition of the modified quantized enveloping algebraU, which is the modified form of U. If λ ′ , λ ′′ ∈ X, we set
Let π λ ′ ,λ ′′ : U → λ ′U λ ′′ be the canonical projection. Then we definė
There is a natural associative Q(v)−algebra structure onU inherited from that of U. The elements 1 λ = π λ,λ (1)(λ ∈ X) ofU satisfy
Then we have
The algebraU does not generally 1, but instead a collection of orthogonal idempotents.
We have the following identities inU for 1 ≤ i ≤ 2, λ ∈ X, a, b ≥ 0.
If ω 1 , ω 2 is the fundamental weight in X, then any element of X can be written as λ = λ 1 ω 1 + λ 2 ω 2 , λ 1 , λ 2 ∈ Z. We will denote this element by λ = (λ 1 , λ 2 ). So the identities above can be written as
Taking direct sums, we obtain a linear isomorphism σ : U →U such that σ(1 λ ) = 1 −λ for all λ ∈ X, and σ(uxu ′ ) = σ(u ′ )σ(x)σ(u) for all u, u ′ ∈ U and x ∈U. Let us denoteḂ the canonical basis ofU following [L3] .We have the following theorem, which was conjectured by Lusztig in [L4] and had been proved by Kashiwara in [K, theorem 4.3.2] . Theorem 1.2. for any element b ∈Ḃ, we have σ(b) ∈Ḃ.
1.3
Assume V (aω 1 + bω 2 ) is the finite dimensional irreducible highest weight U−module of the highest weight vector η (a,b) , a, b ≥ 0, ω 1 , ω 2 is the fundamental weight as above; V (−sω 1 − tω 2 ) is the finite dimensional irreducible lowest weight U−module of the lowest weight vector ξ (−s,−t) , s, t ≥ 0. Then
As is well known, the canonical basis of U + is given in [L1] by Lusztig as
1 is taken only once. The canonical basis of the U − has a remarkable property that it also gives the canonical basis B(aω 1 + bω 2 ) of the highest weight module V (aω 1 + bω 2 ) of U via the action on the highest weight vector; Of course, the canonical basis of the U + gives the canonical basis B(−sω 1 −tω 2 ) of the lowest weight module V (−sω 1 − tω 2 ) of U via the action on the lowest weight vector. By [L3, Theorem 14.4 .11], we can get that B(aω 1 +bω 2 ) consists of the following elements: 
Monomial elements
The main result of this note is the following theorem on all monomial elements of the canonical basisḂ ofU.
Theorem 2. All the monomials of the canonical basisḂ are given by the following list Part (1) e
Part (2)
proof. We only prove Part (1), the proof of Part (2) is similar. We want to compute the image of these elements under the mapU
Let A denote the degree of the coefficient, then 
is fixed by − :U →U. So using the definitions, we can see that this element is (θ
Let B denote the degree of the coefficient, then 
is fixed by − :U →U. So using the definitions, we can see that this element is (θ 
then we get D ≤ 0 and D = 0 if and only if r = p = q = 0. Meanwhile this element is fixed by the involution Ψ of
Let F denote the degree of the coefficient, then
then we get F ≤ 0 and F = 0 if and only if r = p = q = 0. Meanwhile this element is fixed by the involution Ψ of
2 is fixed by − :U →U. So using the definitions, we can see that this element is (θ
Let E denote the degree of the coefficient, then
Let G denote the degree of the coefficient, then
. then from the discusstion in (5) we get G ≤ 0 and G = 0 if and only if r = d = p = q = t ′ = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 −tω 2 )⊗V (aω 1 +bω 2 ),since the element f
Let H denote the degree of the coefficient, then
2 −pr+r(a+ Let I denote the degree of the coefficient, then
and only if q = r = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element f
1 is fixed by − :U →U. So using the definitions, we can see that this element is (θ
Let J denote the degree of the coefficient, then
So in this case we get J ≤ 0 and J = 0 if and only if p = q = r = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element e 
Let K denote the degree of the coefficient, then K = r(w − r − a) + p(v − b−w−p+r)+q(u−q−a+2w−2r−v+p)+p(t−h+k−r)+r(s−k)+q(s−k+r).
then we get K ≤ 0 and K = 0 if and only if r = p = q = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element f
Let M denote the degree of the coefficient, then
then we get M ≤ 0 and M = 0 if and only if r = p = q = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element f
So in this case we get L ≤ 0 and L = 0 if and only if p = r = f = q = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element e
2 , its image is zero unless
Let N denote the degree of the coefficient, then 
Let O denote the degree of the coefficient, then
So in this case we get O ≤ 0 and O = 0 if and only if p = q = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element e
Let P denote the degree of the coefficient, then
then we get P ≤ 0 and P = 0 if and only if p = q = 0. Meanwhile this element is fixed by the involution Ψ of
Let R denote the degree of the coefficient, then
So in this case we get R ≤ 0 and R = 0 if and only if p = 0. Meanwhile this element is fixed by the involution Ψ of
Let T denote the degree of the coefficient, then
2 ≤ 0, and T = 0 if and only if p = 0. Meanwhile this element is fixed by the involution Ψ of
Let Q denote the degree of the coefficient, then
So in this case we get Q ≤ 0 and Q = 0 if and only if p = r = q = 0. Meanwhile this element is fixed by the involution Ψ of
Let S denote the degree of the coefficient, then
Then we get S ≤ 0 and S = 0 if and only if p = q = t ′ = 0. Meanwhile this element is fixed by the involution Ψ of
2 is fixed by − :U →U. So using the definitions, we can see that this element is (θ (a,b) . 
Let U denote the degree of the coefficient, then
and only if p = 0. Meanwhile this element is fixed by the involution Ψ of
Then we get f 
2 ) (−s,−t), (a,b) . (26) For the elemente
Let W denote the degree of the coefficient, then
So in this case we get W ≤ 0 and W = 0 if and only if r = 0. Meanwhile this element is fixed by the involution Ψ of
2 ) (−s,−t), (a,b) .
2 ) (−s,−t), (a,b) . (28) For the elemente
Let V denote the degree of the coefficient, then
So in this case we get V ≤ 0 and V = 0 if and only if p = r = 0. Meanwhile this element is fixed by the involution Ψ of
Let Z denote the degree of the coefficient, then
then we get Z ≤ 0 and Z = 0 if and only if p = q = 0. Meanwhile this element is fixed by the involution Ψ of
and Y = 0 if and only if r = f = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element e
Let D denote the degree of the coefficient, then 
Let X denote the degree of the coefficient, then
and X = 0 if and only if p = r = f = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element e is fixed by − :U →U. So using the definitions, we can see that this element is (θ Let C denote the degree of the coefficient, then
. Then we get C ≤ 0 and C = 0 if and only if p = q = t ′ = 0. Meanwhile this element is fixed by the involution Ψ of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ),since the element f 2 ) (−s,−t), (a,b) .
Conjectures on some polynomial elements
We conjecture the following polynomial elements belong to the canonical basis As can be seen above, the author computed the canonical basis elements ofU by definition. The most important procedure to work out it is that you must write the canonical basis of V (−sω 1 − tω 2 ) ⊗ V (aω 1 + bω 2 ), from which you can get the canonical basis ofU for type A 2 . According to the author's computation, when you write (θ When you take v ≤ a + w + k − s − j, u + 2w ≤ b + v + j + (j + h − k) − t, u + 2w ≤ b + v + j − t, w ≤ b + j + (j + h − k) − t, w ≤ b + j − t, i.e.v ≤ a + w + k − s − j, w ≤ b + j + (j + h − k) − t, then these canonical basis elements of V (−sω 1 −tω 2 )⊗V (aω 1 +bω 2 ) correspond to the monomial elements f 
